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Abstract 

The way of finding all the constraints in the Hamiltonian formnlation of 
singnlar (in particular, gauge) theories is called the Dirac procedure. The 
constraints are naturally classified according to the correspondig stages 
of this procedure. On the other hand, it is convenient to reorganize the 
constraints such that they are explicitly decomposed into the first-class 
and second-class constraints. The presence of the first-class constraints is 
related to the existence of gauge symmetries in the theory. The second- 
class constraints can be used to formulate the equations of motion and 
the quantization procedure in an invariant form by means of the Dirac 
brackets. We discuss the reorganization of the constraints into the first- 
and second-class constraints that is consistent with the Dirac procedure, 
i.e., that does not violate the decomposition of the constraints according to 
the stages of the Dirac procedure. The possibility of such a reorganization 
is important for the study of gauge symmetries in the Lagrangian and 
Hamiltonian formulations. 


1 Introduction 

It is well known that from the Hamiltonian formulation standpoint, almost all 
modern physical theories are theories with constraints |Q, H, An information 
about the constraint structure is important for the physical sector identification, 
for the study of classical and quantum symmetries, for quantization purposes 
and so on. 

The complete set of constraints in the Hamiltonian formulation defines a 
constraint surface where the dynamics evolves. To describe this surface one 
can use different sets of equivalent constraints. We call the passage from some 
set of constraints to another equivalent one the reorganization of constraints. 
Dirac remarked that it is convenient to reorganize the constraints such that 
they explicitly split into the first-class constraints (FCC) and the second-class 
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constraints (SCC). The presence of FCC is related to the existence of gauge 
symmetries in the theory. SCC can be used to formulate the equations of mo¬ 
tion and the quantization procedure in an invariant form by means of the Dirac 
brackets. The way of finding all the constraints in the Hamiltonian formulation 
is usually called the Dirac procedure (DP). We recall that after the Hamiltoniza- 
tion, a singular Lagrangian theory is described by the Hamilton equations of 
motion with the primary constraints ^ , 

7)={,7,hW}, <i>W(77) = 0, H (77) + A<i>« (r;), 7) = ^. (1) 

Here 77 = {q,p) are phase-space variables; (77) = 0 are the primary con¬ 
straints (we suppose that all the primary constraints are independent); A’s are 
the Lagrange multipliers to the primary constraints; H = H (77) is the Hamil¬ 
tonian, and is the total Hamiltonian. {F, G} denotes the Poisson bracket 
of two functions F (77) and G^q). Sometimes, the additional variables A’s can 
be partially or completely eliminated from Eqs. (0)- Moreover, some new con¬ 
straints (additional to the primary ones) may exist in the theory. The way of 
eliminating A’s and finding new constraints was proposed by Dirac [Q and, as 
was already said, is called DP. DP is a part of the complete Hamiltonization of 
a singular Lagrange theory. The procedure is based on the so called consistency 
conditions $ = 0 which have to hold for any constraint equation $ = 0 . In the 
general case, the Hamiltonian H and the constraints^ $ may depend on time t 
explicitly. We take such a possibility into account . However, the argument t 
will not be written explicitly. Using Eqs. (|^, we can transform the consistency 
condition to the form 

Here, e is the momentum conjugate to time t and the Poisson brackets are 
defined in the extended phase space of the variables 77;t, e, see for details [^. 
Finding the primary constraints can be considered the first stage of DP. At 
the second stage of DP, we apply the consistency conditions (||) to the primary 
constraints trying to define some A’s. Those A’s that can be defined here are 
denoted by Ai = Ai (77). In addition, we can reveal some new independent 
constraints = 0 ; we call them the second-stage constraints. We can substi¬ 
tute expressions for Ai directly in the total Hamiltonian to construct the Hamil¬ 
tonian .At the third stage, we use the consistency conditions 

for the second-stage constraints to find some A’s (these are denoted by A2 = 
A2 (77)) and to reveal some new third-stage constraints (77) = 0 indepen¬ 
dent from the previous ones. We can substitute expressions for A(2) directly in 
the Hamiltonian to construct the Hamiltonian I, .r , .r . 

^ lAi—A i,A2—A 2 

Continuing DP, we can determine some A’s and obtain some new independent 
constraints. At the r-th stage, we obtain A^-i = Ar_i (77) and (77) = 0 and 

^We call often the functions <t> constraints as well. 
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construct the Hamiltonian k t , ^ • Because the num- 

' I Ai—Ai,...,Ar —1 — Ar—1 

her of the degrees of freedom is finite and EM are assumed to be consistent, DP 
stops at a certain fc-th stage, after which new constraints do not appear. We will 
refer to all the constraints that were obtained by DP and differ from the primary 
constraints as the secondary constraints, that is, the secondary constraints are 
the second-, third-, and etc. stage constraints. 

We use the notation $ 0 ')^ ^ 1 < i < j < A:. The 

secondary constraints are then ^nd the complete set of constraints, 

both primary and secondary, of the theory is $ = •■•j• 

Schematically, DP can be represented as 

(j)(l) ^ (j)(2) ^ $( 3 ) ^...^ $(fe) ^ 0 ($) . ( 3 ) 

Ai A2 Afc-i Afc 

Here, the arrow —> implies DP, and 0 (<i)) denotes the terms proportional to 
the functions d), i.e., 0(<i))|,j,^Q = 0. 

The important question is: does a consistent with DP constraint reorganiza¬ 
tion to the first- and second-class constraints exist, i.e., the reorganization that 
does not violate the decomposition of the constraints according to their stages 
in DP. The problem is important for understanding the general structure of sin¬ 
gular theories. In particular, the existence of such a reorganization is a crucial 
point for finding a relation between the constraint structure and the symmetry 
structure of singular (gauge) theories [|| . This problem was considered by many 
authors |^. However, in these publications, either the theories of a particular 
form were considered or too restrictive assumptions were used. 

In the present paper, we are going to demonstrate that a complete set of 
constraints $ can be reorganized to the chains of SCC and FCC in consistency 
with their hierarchy in DP. The possibility of such a constraint reorganization 
is formulated as the following statement. 

It is possible to reorganize the complete set of constraints obtained in DP 
to the form: $ = ($(*)) = 0, * = 1,...,A:, = 0), where 

$(i) 

are the constraints of the Tth stage, are the SCC functions of the Tth 
stage, are the FCC functions of the i-th stage, and k is the number of all 
the stages of DP. 

The constraints y^®) and are decomposed into the groups 

:^(®) = ((^(®l®®), u=l ,..., k) , y(®) = (y(®l“), a = 1,..., k - l) (4) 

such that the total Hamiltonian and the Lagrange multipliers A have the form 
ff(i) + A = (A^.,A^a). ( 5 ) 

Each of the groups y^*^“kAc^u, and A^a may be either empty or contain 

several functions: ^s^®!®®) = , fJ-u = , y(®l“) = (^ypi“^ , Pa = 

Aipi* = (A^s) , Ax<i = (A^a). Each group and produces a chain of 
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the groups of constraints of the second, third, and so on stages within DP, 

^(3|a) _^ ... ^ ^(a|a)_ Here, the indices u and a after the sign of the vertical bar 
in the superscripts number the constraint chains. All the constraints in a chain 
are of the same class, and all the groups in the chain have the same number of 
constraints. 

The chain of SCC with the number u ends up with the group of the u- 
th-stage constraints. Their consistency conditions define the \tp^— multipliers. 
The chain of FCC with the number a ends up with the group of the a-th-stage 
constraints. The constraints of the last group of any chain of FCC are not 
involved in determining new constraints. 

The Poisson brackets of the SCC constraints from different chains vanish on 
the constraint surface. 

The described hierarchy of the constraints in DP schematically looks as 
follows: 


(i|i) 

( 1 | 2 ) 


Ai 




(2|2) 


1 

1 

.4 (p(2|*-l) 

. . _> ^pik-l\k-l) _ 

Afc-i 




1 

1 

D- 

T 

_> ipik\k) _ 

Afe 

1 

1 

^ ^(2|fe-l) 


0(4>) 



( 1 | 2 ) 

( 1 | 1 ) 


In addition^: 


^( 2 | 2 ) 

C)($(F2)) 


(9(<i)(l’2,3)^ 


[A^„] = [A„] = [A;,.] = [xW“)] = , 

It,w = l,...,fc, a = l,...,A: — 1. 


In what follows, we present a constructive proof of the statement. Namely, 
considering a specific version of DP (which we call the refined DP), we construct 
the above-mentioned set of constraints. It is this set of constraints that we call 
the constraints consistent with DP. 


2 Refined Dirac procedure 

We begin with some remarks about the theories under consideration. The only 
restrictions to be imposed on the theories follow from the requirement of ap¬ 
plicability of DP. These requirements will be formulated in terms of the ranks 

^Here and in what follows, we use the notation 

[/] = the number of the functions /, i.e., / = {fi, i = 1, ...,n) —> [/] = n. 
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of some Jacobi matrices of the type and of the Poisson bracket ma¬ 
trices of the type assume that these matrices are of a constant 

rank. Literally, this means that they are of a constant rank in a vicinity of the 
point ry = 0 on the corresponding constraint surface = 0 . We also assume 

that H = O {rf) and = O (rj). As was already said above, we assume that 
primary constraint functions are independent, that is, 


rank' 


9 $(i) 

dr] 


[$(!)] = rni . 


( 6 ) 


2.1 First stage 

Consider the antisymmetric matrix This matrix appears 

in consistency conditions (|^) for the primary constraints, 

{!>«,+ e} = {<&«,H + e} + = 0 . ( 7 ) 

We suppose that the matrix has a constant rank, rankC^^^ = ri . There¬ 
fore, there exists a submatrix of size ri x ri, that is located on the diagonal and is 
also antisymmetric, we let denote it by , [vi] = [yri] = ri, detM^^) ^ 0. 

The equation 

(^( 1 )^( 1 ) = Q 


has 1712 = mi — ri linearly independent solutions z2^=z2^°‘°, [ai] = m^ , such 
that ^ 0 , ap = (yii,/ 3 i). Together with the vectors Z^} = = 

these solutions form a set of mi linearly independent vectors (see, for 
example, p. 27 ). Using a nonsingular matrix Zi, we reorganize the primary 
constraints: 

/ (i|i) _ ^(1) \ 

■^1 = ^fao = i 7(1)/3i ) ) /^O = (l^l,/3l) • 

\ ■^Cki J 

We thus have 

^ ( ^ui'i) ) ’ = ^ + ■ (8) 

We call such a kind of reorganization the Z—reorganization. 

We remark that any reorganization of primary constraints is always accom¬ 
panied by the corresponding A-multiplier reorganization These new A’s 
appear as the multipliers in front of the reorganized primary constraints. 
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The new primary constraints satisfy the properties 


, detM^^^ 7^ 0, (9) 

= = o($(!)) . ( 10 ) 

Considering the consistency conditions for the primary constraints 
we determine the Lagrange multipliers A^i : 


Ai — 




iL + e} . 


It is convenient to represent the Hamiltonian (@) as 


( 11 ) 


ij(i) = Ai = A^i - Ai, 

=Hi+ iLi = iL + . (12) 

The properties 

|^(i|i)^ ^(1) + e| = |^(i|i)^ ij(i) + e| + O + e} + O , 

=0 (13) 


are valid. 


2.2 Second stage 

The consistency conditions (^ for the primary constraints result in the 

secondary constraints (the second-stage constraints) 

{4‘.'‘>.ffi + '!}s4*) = o, 

which obey the relations 

= , Hi+ej + + ejj = O . 

(14) 


Together with the primary constraints they may form a dependent set of con¬ 
straints. We suppose that the matrix d /dr] has a constant rank, 


rank 


a($(l),^( 2 |l)) 

dr] 


= mi -|- m 2 < 


$( 1)1 + U( 2 |l) 


(15) 
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We now consider the consistency conditions for the constraints (one 

can use the Hamiltonian instead of in DP) 

{^(2|i)^ ^(1) + ,} = {^(211),//^ + e} + c(2)a^i = 0, 

= ( 16 ) 

We can see that the matrix C*-^^ obeys the relation 



this means that is symmetric on the constraint surface = 0 (we 

say that is O ^(^l^))-symmetric). We suppose that the matrix 
has a constant rank, rankC*-^^ = r2 . Therefore, there exists a submatrix of size 
r2 X r2, which is located on the diagonal and is also symmetric, we let denote it 
by ■, [v2] = [^2] = ■'’2 , det yf 0 . We now apply the Z—reorganization 

to the constraints The equation 

^(2)^(2) = Q (^$(i)^^(2|i)^ 

has TO3 = m'2 —r2 linearly independent solutions [cti] = m'^ , such 

that det ^ 0 (ai = (/r2, cri), [^^2] = ■'’2)- Together with the vectors Z^^} = 

Z^2^“^ = these solutions form a set of m'2 linearly independent vectors. 

Using a nonsingular matrix Z2, we reorganize the constraints 




0 ( 2 | 1 ) ^ ^ 20 ( 2 | 1 ) 


~pT = 41 '’ ) 

fl'i'’ = z<?“vS'> ] ' 

= 4 f ’ ) 


^ 2 ai 


0 

y(2)l/2 y(2)(7j^ 


The new reorganized constraints have the properties 

|^/(2|2)^^(112)|^^(2)^ detM(2) ^0, 

|^/( 2 , 2 )^^(lll)J^O(<i>(l),(/)( 2 |l)) . ( 17 ) 
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In addition, we reorganize the second-stage constraints adding some terms 
proportional to the first-stage constraints:: 




/( 2 | 2 ) 

M 2 


^'( 2 | 1 ) 


^ - 




( 1 | 2 ) 


^^2|1) ^ ^/j2|l) _^(1|2) 






( 2 | 2 ) ^,'( 212)1 


|(^'( 2 | 2 )^^^( 2 | 1 )| 


We thus have 



/ ^dl2) X 


/ :^dl2) X 

V <^(211) ) ^ 

(^'(2|2) 


(^(2|2) 
^(2ii) y 


(18) 


The Poisson brackets for the reorganized second-stage constraints ^(2|i) 

are 

|^(2|2)^^(2|2)J {^(2|2)^VI,(2|1)J =0($(l),<^(2|l)j, 

j^(2,2)^ ^j,(l|l)| ^ Q j , |^(2|2)^ <^(1|2)| ^ ^(2) ^ q ($(1) , ^(2|1) j , 

|vI/(2|i),^(i|2)|=o($W,<(.(2|i)), {\I/(2|i),vi;(i|i)} =o($(i),<^(2|i)) . ( 19 ) 

At the same time, the reorganized constraints are related to the primary con¬ 
straints by 

(^(2|2) = |(^(i|2)^ +e ^+0 + e} -b O , 

^(2|i) ^ +e '^+0 + e| -b O . 


One can see that the constraints $(^\(p(2|2) g^j.g independent. 

Taking ( |l^ into account, we can reorganize the constraints 'k(2|i) fol¬ 
lows: ^ , CTi = (q!2,Pi), [((|(2 |2)] = 

/o') 

1712 — 72 = TO3, where Up^ are m3 — m3 = si independent vectors such that 
the constraints $*^^’2) are independent, and = O 93(212)^ ^ where 


$( 2 ) = (^( 2 | 2 )^^( 2 | 2 )^ ^ 

tS"’; tS” ^ (.#£'"> 


[4.(2)] 

= 1712 ; we then reorganize the constraints 


71 + 72 + Si + Tn'-^, 1712 = 72 + m3 . The new constraints obey the relations 
0(2|2) ^ -b e} -b O -b e} -b O , 

l^dlD, ijd) + e| = ;^( 2 |i) + o ($(!)) = O ($(1), :^(2|2)^ ^ ( 20 ) 


Thus, the consistency conditions for the constraints do not lead to any 

new constraints. The consistency conditions for the constraints (()d|2) allow us 


8 










( 21 ) 


to find the Lagrange multipliers \^p2 , 

A^2 = - |(/,(2|2)^ Hi+e'^=\2. 

It is now useful to represent the Hamiltonian as 

h(i) = + A2(^(i|2), 

A2 = A^2-A2, 

H2=Hi+ A2¥>(^*2) =H + + A2(^(^|2^ . (22) 

Finally, after the two first stages, we have the following picture: 

,^(111) ^ Xi 

^(l|2) ^ (^(2|2) ^ 

<^(1|2) ^ ^(2|2) 

^(1|1) ^ 0($A),(^(2|2)) 

The reorganized constraints 

(I>d) = — primary constraints, 

$(2) _ ^(^( 2 | 2 )^ ^( 2 | 2 )^ — second — stage constraints (23) 

are independent. They obey the relations: 

=MW+o(<i>W) , 

{^(l|2),(p(2|2)|=M(2)+0($(1.2)^^ 

j^(l|2),(p(l|2) j = O ($W) , {(p(2.2)^<^(2|2) J ^ o ('^(1,2)^ ^ 
j = O ($W) , {(p(l|l),(p(2.2)| ^ o ^^(1.2) j ^ 

= o(cI>(i)j ,{<^(i|i),;^(i|i)j = o($A)) , 
j^(i|2)^<j,(i)| = o I'cj,!!)) ^ {<(,(i|2),$(i) J = o ($W) , 

j(^(2.2)^^(l|2) J ^ o |'^(1,2)^ ^ |^(2.2)^^(1|1)| ^ o |'^(1,2)^ ^ 
|^(2.2)^^(2|2) J ^ Q |'^(1.2)^ ^ |^(2.2)^^(1) J ^ q ('^(1.2)^ ^ (24) 
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and 


|^( 2 | 2 )^^( 1 ) = |</,( 2 | 2)^^2 +£} +0 , 

{<^(i|2),i/. + £}=<^(2’2) + o($W), 

+£} = </>(2-2) + o ($W) , i = 1,2, 

where the Hamiltonians Hi , are given by Eqs. and d^). The commutation 
relations } remain unknown at this stage. 

It follows from (|^ that are SCC. 

Considering the consistency conditions for the constraints we can use 

the Hamiltonian H2 instead of . These consistency conditions result in the 
third-stage constraints, 


</.(3|2) = |^(2|2)^^2-b£} = 0. (25) 

The functions must be analyzed similarly to the previous consideration. 

2.3 p-th stage (induction hypothesis) 

We are now going to prove that the above-refined DP formulated for two stages 
can be continued producing similar structures for any-stage constraints. The 
proof is by induction. The induction hypothesis is formulated as follows. 

Suppose that after any I < p stages of the refined DP, the constraints 
and the total Hamiltonian can be reorganized as 
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Z -1 


; [$(*)] = m. = ^ r, + ^ s, + m[^, , 


j—i a—I 


1 <i <1, i <u < I, i < a < I — 1. 


V 


'i\u) 


= 


, =Sa, [</)' 


(*I0 
1-1 


= w,+l, 


i/(i) = ^ ^ A„ = - A„ , 


a—1 


=Hi + Hi = Hi_i + = i? + ^ A, 


f 


(i|«) 


All — 




det M(“) 0, {Ho=H) . 


(26) 


All the constraints are independent. In passing from ^-th stage {I < p—l) 

to {I + l)-th stage, the only constraints to be reorganized are 
The constraints obey the relations 

r (9($(i’ -A+i-i))^ j+j <u+l 
u < V : = < O , z + j > M + 1, j < u 

( o(<i>(i- -^■)), j >zz, 

O ($(i.....*+j-i)) ^ i+j<u+l 

O - , j _(_ j > y _|_ 1 

i.e., (pbl“) are of the second class, 

= O ^ i + j <1 + 1^ 




1. = ; (-1)“-* M (“) + O ^ i+j =u+l 


(27) 


r o($(i-A+i-i))^ j + j <„ + i 
[ o (chd.-.^)) ,j>u, 


< U 


(28) 
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and 




+ 0 

) . J > L 

u > i 

5 


= 0 

, j >i, 







, * < J, * 

<1- 

1, 


= 

+ O 

) , * < j) 

i < 1 - 

- 1, a> i + 1 


= O 

■■,i) ^d+l\i+l) 

5 'r 

) . * < j) 

i < 1 - 

-1, 

1^010^ ij(l) +£ 


Hi + e'^ + O 

-.o' 

)■ 



The second-stage constraints satisfy this hypothesis. 


2.4 {p + l)-th stage 

Let us consider the (p + l)-th stage of the rehned DP. The consistency conditions 
for the constraints result in the {p + l)-th stage constraints, 

+ = = 0 . ( 29 ) 

The (p + l)-th stage constraints ())'(p+i|p) = together with constraints 

of the previous stages may form a dependent set of constraints. We suppose 
that the matrix ( 9 (<I)(^’ -’P), ())'(p+^Ip))/( 9?7 has a constant rank, 


rank 


dr] 


p 

'^mi+ mp+i 
i=l 


< 


([)(P---.p) 


^'{p+i\p) 


( 30 ) 


We first reorganize the constraints ())'(p+i|p) to ())(p+^Ip) as follows: 

i/(p-l-l|p) ^(p-l-i|p) _ g'ip+^p) 

^Ctp ^OCp rOCp 


p U—1 


-EE 

u—2i—1 


‘f 


{i\u) 


m(“) 



}■ 
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The new constraints obey the relations 

^(p+Mp) = J^(j)(p\p)^ Hp + e} + O , 

|<^bk)^ 0 (p+ib)| = o ($(!’ ’P)) , 2<i<p, i<u<p, 
|(^(ib)^^(p+i|p)J = |vj(i|“),| 0 (p|p),i/p + £|| + C>($(i’ ’P)) 

= </.(p|p)} , i/p + s} + {<^(PIP), + e}} 

+ O ($(i^ -.p)^ = o ($(i. -P), ^(p+i|p) j , u = 1, ...,p, 

|^(ib)^^(p+ib)} ^ O ($(!,...,p)^^(p+ib)^ , a=l,...,p-l, 
|<^(p+ib)^ij(i) +e| = |<^(p+ib)^ija) +e| 

+ 0 (^$(i. -.p),^(p+ib)^ , (31) 

Consider the consistency conditions for ^b+ib) (-y^re can use instead of 
in DP) 


{</.(p+i|p),i7p + e} + C(P+^)Ap = 0 , C^P+i) ■ 

We can see that the matrix C'^P"*'^^ and all the matrices |, z = 

2 , ...,p coincide up to a sign and are (anti)symmetric on the constraint surface 

(J)(l,...,p) _ (j){p+l\p) — Q. 


= {{'^i"j"^^p + e} +0 ($(i-'P)) = - 

+ 0 |^$(i.-p),^(p+ib)^ = ... = (-l)*|^b+i-*b)^<),b>ib)| 

+ O (ci>(i. -'P),<^(p+ib)j = ... = (_i)P '1^)} 

+ 0 (^$(i. -.p),0(p+ib)^ = (_l)P+iC^P+i)+0 (^$(P-.p)^<(,(p+ib)^ , 

Here, we have used the Jacobi identity and Eqs. (^, ^). 

We suppose that the matrix has a constant rank, rankC^P’*'^^ = Pp+i- 

We then perform the Z—reorganization. Namely, we consider the equation 


(^(p+i)^(p+i) _ Q ^(j)(i,---.p)^^(p+ib)^ ^ 


which has m "_|_2 = rnp_^_l —Pp+i linearly independent solutions , 

[ap] = m"_,_ 2 , such that det ^ 0 (op = (/Zp+i,(Tp), [pp+i] = Pp+i). 

These solutions together with the vectors = S'^^+i form 

the set of Wp+i linearly independent vectors. We reorganize the constraints 
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(j)(Ap) ...,p + 1 using a nonsingular matrix Zp+i'- 

70p 


/{i\p-\-i) _ Ai\p) 

V^/Xp +1 — ^/^p +1 

M) ^ ^(p+l)a 


/,(*b) 


— (Mp+ 1 : ^p) ) 


Zp+l — ^p+icp 


1 ^(p+ili-p+i ^(p+il'^p I I Pp — t^'p+ijO'pj ■ 


Next, a set of additional reorganizations must be carried out (by adding 
some previous-stage constraints). We first reorganize the constraints 


(o'(ib-Hi) 

f l-t'P + l 


ii(l\p+l) ^ /(l|p-Sl) 

' A^p+i ' A^p+i 


vStt" - <ir'>=({p'lf+'iwx,/<■'-+'>}) 


-1 


|<^dP+ib+i),^dib+i)|, i = 2,...,p; 


/(p+ib-i-i) _ 

r ^p + 1 

_ i(.'(ib-n) 

O ^ 


Mp +1 J ’ 

//(p-i-ib-i-i) _ (^'(p-i-ib+i) 

/ip-^l r /J,p_j„i 




(p+i|p+i)^^,(i|p+i) 


■}){-' 


(p-i-i|p-i-i) '(p-i-ib-i-i)\. 


’ ^Pp +1 


[ ? 


then, we reorganize the constraints {p'AAp+'^)- 

ii(i\p+l) ^n"'{AP+'^) — ^n'AAP+"^) j — \ 2 n -I- 1 

^ V»/ip+i — ‘^^Pp+i ) * — -L> + -L > 

^l^i\p+l) (^"'(»b+l) = (^"(ib-l-1) _ (^"(2b-l-l) ^|(p"(pb-l-l)^ (^"(2|p-l-l) 


//(pIp-I-I) 

' MP +1 


///(plp-l-l) _ ^/(plp-l-l) 

' Mp+i ' Mp+i 


_ i(^"(2b-i-i) ^|(^"(pb+i)^ (^"(2b-i-i) ^ |(^"(pb-i-i)^(^"(pb-i-i)| • 

etc.. This set of reorganizations ends up with producing the Lp's with d primes, 
where d is equal to the integer part of (p -|- f) /2 {d = [{p + f) / 2 ]), 

//...(i|p-l-i) //.../(i|p-l-i) _ //...(i|p-l-i) - I n-l-T 

y^Pp+i ^ V^pp+i “‘^Pp+i , I — L,-,a,pi-6 a, ...,p-i-i. 


Mp+I 
//...(ilp-l-l) 


//.../(i|p-|-l) _ /'...(i|p-|-l) 

' A^p +1 '^Mp+i 


//...(Z|p+1) 


X 


({ 




//...(p-l-2-d|p+l)^ ^//...(d|p-|-l)'l_'^ 




■ 'P 


^ "■..(p+2-db-i-i) ,y'---(*b+i) \ 


i = (i-|-l,p-|-l — d; 


//...(p+2-ii|p-|-l) 

'^Mp+i 




p...l(p+2-d\p+l) _ ll...{p+2-d\p+l) _ l,./'...(d|p-|-l) 


A^P+l 


= ^ 


/^P +1 


‘P 


^|(^"■■■(p-l-2-d|p-|-l)^ ^//...(d|p-|-l)|^ ^ I 


//...(p|p-|-l) //...(p-|-2-d|p-|-l)'l_ 

r 5 r ^p_|.i 




In what follows, we omit all the primes such that p^p+i) are the final re¬ 
organized constraints. These constraints satisfy the relations ( 26 )-(p^ with 
p ^ p -I- 1. 
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We now reorganize the constraints 


^ <Tp ^ (Tp ^ Gp 5 ^ Gp ^ Gp ^ Gp / j r 

i=i 


X (|^(p+ 2 -jip+i),<paip+i) 




— 2 , ...,p + 1. 


The constraints have the properties 


( o , i + j<u + l 

|<^(ik)^^OIp)| = ) ^ i + j :^u + l, j <U 

[ o (chd --.^)), j>u, 

|5-(*|p),^f0lp)| = o ^ j + j < (p + l) + l. 

We can see that the constraints (^(p+iIp+i)) are independent. Tak¬ 

ing this and Eq. ( |^ ) into account, we reorganize the constraints 

= ^b+i|p)^ , (Tp = (ap+i,pp), 


(p+11p+ 1) _ y (p+l|p+l) (p+l|p) _ j - j -{ p -\- 1 ) g . 


OCp+l 


— ^AP^-^ip; _ TT 

— ^ap+i , Xpp — 


Pp 


^(p+iip) _ 

^ Gp 

|^(^(p+i|p+i)j = mp+i — Tp+i = TOp_|_ 2 , is a set of independent vectors, 

|^[/(p+i)j = |^^(p+i|p)j = 77ip+2“''^p+2 — ■Sp) such that the constraints <i)A---P+i), 

where = ((^(p+i|p+i) ^ ,^(p+i|p+i)^ ^ |^<j)(p+i)j = rup+i, are independent 

and = O ($(i. -.P)^ (^(P-Hi|i.-.P+1)). Then, we reorganize the constraints 

i= 

iT/C^|p) . ( A(*b+i) _ iT/(*b+i) — r/(p+i)^P\i>(*b)^ 

^ Gp \V^ap+i ^Qip+i 5 App ^ Pp J ^ 

p+i p 

p j "O = ^ ^ T ^ ^ + Wp +2 • 


X 


(*lp) 


— Sr) , TTLi 


j—i a—i 


The consistency conditions for the constraints y(p+^tp) do not produce any 
new constraints. 

Introducing the Hamiltonian i?p+\ , 

p+i p 


ij(i) = -p ^ ^ A„ = - A„ , 

u—1 a=l 

= Hp+i + A,^p+i0AIp+i)^ Ap+i¥>(il^’+i), 

Ap+i = - ■' {(^(p+ilP+i), Hp + e} , 

/Vf(p-I-I) _ /Vf(p+1) = X7(p+1) 

Pp + l(^p+l '-^/ip+lJ/p + l ! 


we can straightforwardly verify that all the constraints reorganized up to the 
{p -\- l)-th stage satisfy the induction hypothesis. 
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2.5 Final stage 

DP ends up at the /c-th stage if = 0 . The latter means that 

|‘^(i|fe)j _ j _ — 1 , and , see ( |t^ ) . The constraints 

therefore commute as follows : 


^0|6) 1 = 0 j ^iJ^j <k + l. 

Considering the relations 

we obtain 

{^b|a)^ ^016) I = O ($(!’■■■■'=)) ^^+j = k + 2. 


Then, considering the double commutator {x*'^ |a)^{x(fe-l|fc-l)^ 7 J^ + g}} 

, we 

obtain 


I = o J = fc + 3, 

and so on. We finally have 




Q ^ j _|_ j > /j _(_ 1 


( 32 ) 


In particular, we can conclude (only at the last stage!) that all the constraints 
x(ik) are FCC. 


3 Summary 


We here summarize the constraint structure consistent with DP. To make things 
more clear, we repeat some points. 

It is possible to reorganize the complete set of constraints obtained by DP 
to the following form: 


$ = 


^ (j)(d = 

(i|a) 


= 


X' 


= Sa , rank — = [$], 


■i < u < k, l<i<k, i<a<k — 1. 


( 33 ) 
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The total Hamiltonian and and the Lagrange multipliers A have the form 
ii-(i) = H + 


u—1 


a—1 


Hi = Hi_i + =H + J2 ,1=1 ,..., k, 

U — 1 

A„ = X^u-Xu, Xu = - {(^(“ 1 “), + e} , 

^(«) = ^ (^Ho = H). 

The mutual commutation relations between the constraints are 

r o ^ j < y + 1 

I = < O ,i + j>u+l, j<u 

( O (cf>(L -o)) , j > u, 




u<v: <; = 


O ($(L-.i+J-l)) ^ i+j<u+l 

= j (_!)“-* +0($(i’-’“)) , f + j = u+l 

i+ j>u+l, 


and 


r ’*+^- 1 )) , z +j < u +1 

[ O , J > U, 

_J , z +j < fc+ 1 

Q ^ j _l_ j > /j _l_ 




} 


Te} = +e| +0 


= (^b+i|“) + o 




j > i, u > i. 


+ = J>z, 

{x^*'“\ + ff} = +^1 

, i < a < k — 2 , 


= x(*+^l“) +0 




, Hj + e} = + e} + O ($(i’ 

= o (^d+i|i+i)^ ^ i<k-l. 


( 34 ) 


( 35 ) 


The Poisson brackets between SCC from different chains vanish on the con¬ 
straint surface. The Lagrange multipliers A^^ are not determined by DP (and 
by the complete set of equations of motion). Whenever FCC (SCC) exist, the 
corresponding primary FCC (SCC) do exist. 
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We note that imposing more restrictions on the theories under consideration, 
we can obtain a more detailed constraint structure. For example, if we suppose 
the rank constancy for the matrices then we can conclude, at 

the same i-th stage, that the constraints are of the first class. However, 

the less restrictive condition of the rank constancy for the matrix } is 

already sufficient for DP to be applicable. There exist some models that obey 
the latter conditions only. 

It is important to stress that commutation relations (^) for x mean that the 
property of a constraint to be or not to be of the first class can be established only 
after completing the Dirac procedure. As a consequence, in the general case, it is 
impossible to find special variables (see |^) such that the first-class constraints 
have the canonical form , i.e., it is impossible that FCC be some canonical 
momenta classified according to the stages of the Dirac procedure. We consider 
an example of the theory that confirms this statement. The corresponding 
Lagrange function is 


2 


if 




( 36 ) 


where is a constant matrix, which is antisymmetric with respect to the 
lower indices. The total Hamiltonian and primary constraints are 


= ) [pI- + 

= = 0 . 


X Pyi -y p. 




( 37 ) 


We find that the second- and third-stage constraints are 

^ = Py' + Kky'^Pzi = 0 , ^ =p^i = 0 . 

All the constraints are of the first class. In this case, all A’s re¬ 

main undetermined and new constraints do not arise. The commutator between 
the second-stage constraints, 

} = 2F;,^.ci>f, (38) 

is proportional to the third-stage constraints. We see that the second-stage 
constraints are of the first class only with respect to the complete set of con¬ 
straints and not of the first class with respect to the constraints 

($(i)^ $(2)^ Qf stages. Any constraint reorganization, which respects 

the decomposition of the constraints according to the stages of the Dirac proce¬ 
dure can not change this situation. The existence of special variables, in which 
all and are canonical momenta, thus contradicts to relation (^^. 


Acknowledgments 

The authors are thankful to the following foundations: Gitman to FAPESP, 
CNPq, and DAAD; Tyutin to the European Community Commission (INTAS), 


18 






grant 00-00262, and to Russian Foundation for Basic Research, grants 99-02- 
17916, 00-15-96566. 


References 


[1] P.M. Dirac, Lectures on Quantum Mechanics (Yeshiva University, New York 
1964) 

[2] D.M. Gitman and I.V. Tyutin, Quantization of Fields with Constraints 
(Springer-Verlag, Berlin 1990) 

[3] M. Henneaux and C. Teitelboim, Quantization of Gauge Systems (Princeton 
University Press, Princeton 1992) 

[4] V.A. Borochov and I.V. Tyutin, Yadernaya Fizika, 61 , No 9 (1998) 1715 
(English translation: Physics of Atomic Nuclei, 61 , No 9 (1998) 1603); ibid 
62 , No 6 (1999) 1137 (English translation: Physics of Atomic Nuclei, 62 , 
No 6 (1999) 1070) 


[5] L. Castellani, Ann. Phys. 143 (1982) 357; G. Marmo and N. Mukunda, Riv. 
Nuovo. Cim. 6 (1983) 1; L. Lusanna, Riv. Nuovo. Cim. 14 (1991) 1; A. 
Gabo, J. Phys. A 19 (1986) 629; A. Gabo and P. Louis-Martinez, Phys. Rev. 
D 42 (1990) 2726; C. Battle et ah, J. Math. Phys. 27 (1986) 12; R. Sugano 
and T.Kimura, Phys. Rev. D 41 (1990) 1247; J. Math. Phys. 31 (1990) 
2337; J. Gomis, M. Henneaux, and J.M. Pons, Glass. Quant. Grav. 7 (1990) 
1089; N.P. Ghitaia, S. Gogilidze, and Yu. Surovtsev, Teor. Math. Phys., 
102 (1995) 66; Constrained Dynamical Systems: Separation of Constraints 
into First and Second Class, Preprint of Joint Institute for Nuclear Research 
E2-96-277, Dubna, 1996; |hep-th/9704^ 


19 





